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Hey, What’s the Big Idea?! 

Derivatives 

Suppose you want to know the average rate of growth of a virus in a laboratory experiment.  

You can measure the virus population at the beginning of the experiment, then wait a while, say 

an hour, and measure it again.  Then you can find the average change in the population for the 

one hour by subtracting the starting population from the ending population, and dividing by 1 

(one hour).  

To model this mathematically, we can plot two points: (Start time, Initial Pop.) and (End time, 

Ending Pop.), then draw a line between these two points and find the slope of that line.  We call 

this the average rate of change.  Since a linear function has a constant slope, any two points on 

the graph of a linear function will give the same result for slope. 

BUT.  What if the graph is NOT linear, and we want to know how fast the virus is growing at a 

given instant?  This idea is called instantaneous rate of change, and is also called the derivative. 

Essentially, we are looking for how fast the virus is growing at a given instant.  Maybe it starts 

out slow and then gets faster and faster.  Exactly how fast is the virus growing after two hours? 

 

We can find the instantaneous rate of change, or derivative, by using limits.  Choose two points 

on the graph of the function near the point we are interested in, and then take the limit of the 

slope of the line between those two points as the distance between them (measured in x) goes 

to zero.  A line between two points on a curve is called a secant line.  The line that corresponds 

to the limit as the two points converge is called the tangent line. The slope of the tangent line is 

the limit of the slope of the secant line as it converges to one point.  

Graphic Example: 

      

 2 Points  - Secant line    1 Point – Tangent Line 

From this, we see that the slope of the tangent line at a point is the derivative of the function 

at that point.  It is the instantaneous rate of change of the function at that point.  (Or, for  that 

value of x.) 
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From this graphical representation, we can readily see that a derivative does NOT exist at a 

point if:   

1. the function is not defined at that point, or 

2. the function is discontinuous at that point,  or 

3. the function has a cusp at that point, or 

4. the tangent line would be vertical at that point (hence, the slope would be undefined). 

 

When we find the derivative of a function we are differentiating the function.  This word comes 

from the idea that we use differences (change in y, change in x) when calculating derivatives. 

Notation, Notation, Notation! 

Since derivatives are one of the three main topics of calculus, there are LOTS of ways to write 

about it!  Getting used to new notation is a crucial step in learning math.  Here are two 

commonly used forms that we will learn in this course.  (Note:  there are others!) 

1.  “Prime” Notation (known as “Lagrange notation”) 

 

The simplest form of derivative notation is the use of an apostrophe, which is read “prime”. 

 

For example,  if the function is written as y, then the derivative would be y’,  

and we say “y prime” and it represents the first derivative of the function y. 

 

Likewise, if the function is written as f(x), then the derivative is written f’(x),  

and we say “f prime of x” and it represents the first derivative of the function f. 

 

2. “d-d-x” Notation (known as “Leibniz notation”) 

 

Sometimes the variables we are working with are not just x and y.  In this case, it is 

necessary to specify which is the independent variable (the one that corresponds to x, or the 

horizontal axis variable) and which is the dependent variable (the one that corresponds to y, 

or the vertical axis variable). 

 

For this, we use the form of a fraction, where the numerator includes the y variable and the 

denominator includes the x variable.  (This should make sense because that is how slope is 

calculated – rise over run.) 

 

We say that the derivative is OF the y variable, WITH RESPECT TO the x variable. 

 

For example,  
  

  
  means the same thing as y’, and means “the derivative of y with respect to 

x”.  We say, “d y d x”, just saying the letters. 
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Likewise, 
  

  
 means “the derivative of s with respect to t”, and it indicates we have a function 

s defined in terms of the variable t.  We say “ d s d t”. 

Sometimes with this notation, instead of putting the function name in the numerator (y or s 

or f), we leave it out and put it in parentheses next to the d-d-x operator.  This is just for 

convenience, if we want to show more than just the function name in the derivative 

notation, but it means exactly the same thing. 

 

Example: 

 

 
 

  
( (      indicates the derivative of the function f with respect to x. 

 

We say, “d d x  of  f  of  x.” 

 

So, if     (   , these forms of notation ALL mean the same thing: 

 

     (   
  

  
 

 

  
(   

 

  
[ (  ]  

  

  
 

 

If         ,  then       
 

  
(       

 

And they ALL give a formula for the instantaneous rate of change of y, with respect to x. 
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Difference Quotients (Approximating a Derivative) 

Before we actually use the limits and find the exact derivative values, we use an approximation 

technique called difference quotients.  They are called this because we take the change in y and 

the change in x (differences) and we divide (quotient). 

There are three difference quotients.  Each one assumes there is a point of interest (   (   , 

for which we want to approximate the instantaneous rate of change.   

 Forward 

Choose a point FORWARD (in the positive x direction) close to the point of 

interest, call it x+h, where h is an arbitrary small number, often called the 

tolerance.  Then take the slope of the line between those two points. 

  (   
 (      (  

(      
 

 (      (  

 
 

 Backward 

Choose a point BEHIND (in the negative x direction) close to the point of 

interest, call it x-h.  Then take the slope of the line between those two points. 

  (   
 (    (    

  (    
 

 (    (    

 
 

 Symmetric 

Choose two points, one FORWARD (in the positive x direction) close to the point 

of interest, call it x+h, and one BEHIND (in the negative x direction) the same 

distance to the point of interest, call it x-h.  Then take the slope of the line 

between those two points. 

  (   
 (      (    

(     (    
 

 (      (    

  
 

Practice Problems: P. 83 # 13, 14 

Definition of Derivative at a Point 

When an approximation is just not good enough, we need the exact value of the derivative.  To 

get this, we use limits. 

One definition of derivative gives us just the value of the derivative at a single point of interest, 

call it (   (   . 

  (      
   

 (    (  
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Notice that since we are using limits, this is an exact derivative value, not an approximate 

derivative value.  When used with a specific function and a specific point on the graph of the 

function, this returns the numeric value of the derivative at that point, or the instantaneous rate 

of change of f with respect to x at that point. 

Practice Problems: P. 76 # 1 - 12 

Definition of Derivative Function 

When we want a formula for the derivative at any point on the function, we use a different form 

of the definition of a derivative. 

  (      
   

 (      (  

 
 

Notice this is also the limit as the denominator goes to zero.  The result will be a derivative 

function.  This can be evaluated for any x to get the derivative of the function for that x. 

How does the graph of a derivative function compare to the original function?  

 It is positive when the function is increasing, negative when the function is decreasing, and zero 

when the function is neither increasing nor decreasing. 

Practice problems:  P. 82 # 7 - 11 

 

 

 

Properties of Derivatives 

For any function(s) for which the derivative(s) exists, the derivative functions have these properties: 

Description Rule Comment 

Constant 
Multiple 

 

  
[   (  ]    

 

  
[ (  ] The constant factors out. 

Sum of Functions 
 

  
[ (    (  ]  

 

  
[ (  ]  

 

  
[ (  ] 

Derivative of a sum is the 
sum of the derivatives. 

Difference of 
Functions 

 

  
[ (    (  ]  

 

  
[ (  ]  

 

  
[ (  ] 

Derivative of a difference is 
the difference of the 
derivatives. 
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Some Basic Derivative Rules 

Description Function Form Derivative Function Rule 

Constant Function  (       (     

Identity Function  (       (     

Power Function  (        (         

Sine Function  (          (        

Cosine Function  (          (         

Tangent Function  (          (         

Secant Function  (          (            

Cosecant Function  (          (             

Cotangent Function  (         (          

Exponential Function  (         (       

Exponential Function  (         (           

Natural Logarithm  Function  (         (   
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The Chain Rule 

When functions are composite, then the basic derivative rules will not suffice.  We use chain 

rule to take derivatives of composite functions (functions of functions). 

To use the chain rule, first identify the inner and outer functions.  Then, take the derivative of 

the outer function (with respect to the entire inner function), then multiply by the derivative of 

the inner function. 

Example using Prime Notation: 

Given a composite function: 

   ( (    

 where   is the inner function and   is the outer function, then the derivative is 

     ( (      (   

Notice the inner function is NOT changed when we take the derivative of the outer function. 

Example:  

      (                   (       (        

 

Example using d-d-x Notation: 

 

  
[ ( (   ]  

  

  
 
  

  
 

Example: 

 

  
[     ]  

 

  
[(      ]   (       (                    

Because        is the inner function and  (      is the outer function. 

 

Practice Problems: P. 90 # 1 – 22; P. 105 # 3 – 26; P. 122 # 5 - 30 
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Basic Derivative Rules with Chain Rule Built In 

(Assume u is a function of x, so all of these are composite functions.) 

Description Function Form Derivative Function Rule 

Power Function  (        (            

Sine Function  (          (           

Cosine Function  (          (            

Tangent Function  (          (            

Secant Function  (          (               

Cosecant Function  (          (                

Cotangent Function  (          (             

Exponential Function  (         (          

Exponential Function  (         (              

Natural Logarithm  
Function 

 (         (   
 

 
    

  

 
 

 

Applications of Derivatives 

 Position, Velocity and Acceleration 

There is a beautiful relationship between the position of a particle in motion, its velocity, and its 

acceleration.  (Yes, beautiful! ) 

Given a function that measures position as a function of time:   (   

The velocity at any time t is given by the derivative of the position function:   (     (   

The acceleration at any time t is given by the derivative of the velocity function:  (     (   

Note that the acceleration is also the second derivative of the position function, noted by two 

primes: 

 (     (      (   

When velocity and acceleration have the same sign,  the object is speeding up. 

 When velocity and acceleration have opposite signs, the object is slowing down. 

 

Practice Problems: P. 97 # 1 - 20 
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Graphing Polynomial Functions 

We can use derivatives to graph higher order polynomial functions that are sometimes difficult 

to factor or to otherwise graph. 

First Derivative:   

Use the zeros of the first derivative to find possible local minima and maxima (the 

function is neither increasing or decreasing at these points.  

When the first derivative is positive, the function is increasing. 

When the first derivative is negative, the function is decreasing. 

Use a number line sign test of the first derivative to find these intervals. 

Second Derivative: 

Use the zeros of the second derivative to find possible points of inflection (changes in 

concavity). 

When the second derivative is positive, the graph of the function is concave up. 

When the second derivative is negative, the graph of the function is concave down. 

Use a number line sign test of the second derivative to find these intervals. 

 

 Sinusoidal Models 

Scenarios with periodic motion can often be modeled by sinusoidal functions.  (See Trig Folder 

for details on how to write and graph a sine or cosine function.) 

Use the first and second derivative tests to find velocity and acceleration of the moving objects 

at various points in time. 

Practice Problems:  P. 112 # 1 - 6 

Product and Quotient Rules 

 Product Rule:  

Function Notation:            (    (             (    (    (     (    

u-v Notation:                                                       

 Quotient Rule 

u-v Notation:                  
 

 
                    

        

   


